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Polynomial mixing for the complex Ginzburg-Landau equation
perturbed by a random force at random times

VAHAGN NERSESYAN

Abstract. In this paper we study the problem of ergodicity for the complex Ginzburg—Landau (CGL) equation
perturbed by an unbounded random kick-force. Randomness is introduced both through the kicks and through the
times between the kicks. We show that the Markov process associated with the equation in question possesses a
unique stationary distribution and satisfies a property of polynomial mixing.

1. Introduction

We consider the CGL equation perturbed by a random kick-force on a domain D C R",
n <4 with 3D € C? :

i — vAu + iBlul®u = n(t,x), x € D, (1.1)
ulagp =0, (1.2)
u(0, x) = uop(x), (1.3)
where u = u(t, x) and v, 8 > 0. We assume that (¢, x) is a random process of the form
o
n(t,x) =Y mx)t — ), (14)
k=1

where §(7) is the Dirac measure, 1 are independent identically distributed (i.i.d.) random
variables with range in the space H := H(} (D), and the waiting times #; = T — Tx—1,
k > 2 and t; = 77 are i.i.d. random variables exponentially distributed with parameter X.
Moreover, we assume that the sequences ny, #; are independent.

Suppose that {g¢}72 | is an orthonormal basis in H. The main result of the present
paper is Theorem 4.2, which states that, if the law of 7, is non-degenerate on the space
spanned by {g} ,1(\7:1 for sufficiently large N, then there is a unique stationary measure for the
continuous time Markov process associated with (1.1), (1.2), (1.4). Moreover, any solution
of the problem polynomially converges to the stationary measure in the dual Lipschitz norm.
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Many authors have studied similar problems for various PDE’s with different random
perturbations (e.g., see [16, 2, 17, 18, 21, 15, 14, 26] for discrete forcing and [6, 8, 3, 22, 19,
7,9, 25,27, 4, 10] for white noise). Several ideas of this article are taken from [18, 15, 26].

The problem of ergodicity for randomly forced Ginzburg—Landau equation was studied
in the following articles. In [9], Hairer considered a real Ginzburg-Landau equation on
multidimensional torus. Odasso [25] studied a class of CGL equations with strong nonlinear
dissipation. Inboth of these works the property of exponential mixing is established. In [27],
Shirikyan used a sufficient condition for ergodicity of Markov processes to show uniqueness
and mixing for a class of CGL equations with linear dispersion. Finally, in [4], Debussche
and Odasso proved the polynomial mixing property for a damped 1D Schrédinger equation.

The main novelty of the present paper is the condition over the waiting times. Note
that the restriction of the solution at times 7; looks like the random dynamical systems
considered by Kuksin, Shirikyan [14], [16], [26] and Masmoudi, Young [21] :

uTk = Slk(u‘[k_l) + Nk (1'5)

but there are some essential differences. As the waiting times can be arbitrarily small,
during any time interval the system can receive any number of kicks. This changes the
dynamics of the associated process, for example:

e The distance between two trajectories having close initial data can be arbitrary large
at any time ¢ > 0.
e The phase space of the problem is not bounded even in the case of bounded kicks.

Let us give in a few words the ideas of the proof of Theorem 4.2. An important tool
for the proof of the result is the Foiag—Prodi type estimate. This kind of estimates are
often used to prove ergodic properties of PDE’s. Suppose that there are two sequences
of kicks ¢ and ¢;, having equal high Fourier modes for k > I, such that the solutions
of corresponding problems have equal low Fourier modes at kicking times ti, k > [ (see
Lemma 2.1 for the exact formulation). Let A/; be the number of kicks before time ¢, i.e.
N; = max{k : 7, <t}. Then, by Foias—Prodi Lemma, we have the following estimate for
the distance between solutions at time ¢, if r > 1;:

1

M -2
—C(Ni—1
ey —ujly <N TT 6] e llug — I, (1.6)
i=l+1

where || - ||1 stands for the norm in H, u; and u} are solutions corresponding to the sequences
¢k and ¢ respectively, ¢ is a polynomial function of {[|u, || 1}{;/’1 and {[luf, |11 }f\zf’l and C > 0
is a large constant. Following the ideas from [26], we construct two sequences ¢ and ¢
of i.i.d. random variables in H distributed as 7; such that the conditions of Foiag—Prodi
Lemma are satisfied for a random integer £ > 1. Moreover, using the law of large numbers
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and some martingale inequalities, we show that £ can be chosen in a such way that the
following properties also hold:

_1
(i) ([T 0) e
i) fug, It + lluf, I
>iii) E€P < Cp.

eN=0 Sf NG > €41,

=
S]"

As we show in Section 4, properties (i)—(iii) and (1.6) imply the polynomial mixing property.

The random variables ¢, g“]/( and ¢ are constructed in Proposition 4.3. In Section 4, we
show how Theorem 4.2 is derived from Proposition 4.3. The proof of Proposition 4.3 is
carried out in Sections 5 and 6.

Note that an exponential estimate for the random variable £ in (iii) would immediately
imply the exponential mixing property for the system. Finally, using (i)—(iii), one can show
that the embedded Markov chain u,, also satisfies a property of polynomial mixing. The
stationary measure of the original process and that of embedded chain are connected with
the Khasminskii relation (see Section 4).

Notation

Let D C R" be abounded domain with smooth boundary and let {g;} jen be an orthonor-
mal basis in H. Let Hy be the vector span of {gy, ..., gn} and Hﬁ be its orthogonal com-
plement in H. We denote by Py and Qy the orthogonal projections onto Hy and H ﬁ in
H. Denote by {e|} jen the set of normalized eigenfunctions of the Dirichlet Laplacian with
eigenvalues {«}jen and denote by Q' the orthogonal projection onto the closure of the
vector span of {ey, en+1, ...} in LZ(D).

Let H*(D), s > 0 be the Sobolev space of order s. We denote by |lu||; = ||Vull, |ull2 =
|| Au|| the norms in the spaces H& (D) and H(} (D) N H?(D) respectively, where || - || stands
for the norm in L?(D). For a Banach space X, we shall use the following notation.

B(X) is the o-algebra of Borel subsets of X.

C(X) is the space of real-valued continuous functions on X.

Cp(X) is the space of bounded functions f € C(X).

L(X) is the space of functions f € Cp(X) such that

1l = 1 flle + sup LU =IO

v lu—]

P(X) is the set of probability measures on (X, B(X)). If u € P(X) and f € Cp(X), we
set

() =/f(u)u(du)-
X
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If wy, up € P(X), we set
ler — p2llz = sup{|(f 1) — (f )l = f € LX), 1 fllc < 1),
1 — w2 llvar = sup{lpu1(T) — ua(D)] : T € B(X)}.
For any I'1, 'y € B(X), with P(I";) # 0, denote

P(I'I%2)

P(I'|T) = Py

The distribution of a random variable £ is denoted by D(€). We denote by C, Cy unessential
positive constants.

2. Preliminaries

It is well known that problem (1.1)—(1.3) with n = 0 and ug € H has a unique solution
in the space C(R4, H) N leoC (R, H?(D)). Let S; : H — H be the resolving semi-group
for that problem. Let 79 = 0 and define u, by the relation

U, = St*‘[k(ufk)v lft € [Tka Tk+1)’ k 2 07
t— .
Sthr] (utk) + Nk+1> ift = Tk+1-

Then u; is the unique solution of problem (1.1)—(1.4). Clearly, u, exists for all # > 0 with
probability 1, as P{>_ #x = oo} = 1. Let us define a continuous functional on H:

Hu) = / (a|W(x)|2 + §|u(x)|4)dx, @.1)

D
where « is a positive constant. If « is sufficiently small, we have the estimate
H(S(w)) < e “Hu), t=>0, (2.2)
where a is a positive constant, and there is a constant C such that
15: ) = S; )11 < Cexp(Cllullf + I llu = vli. =0, (2.3)
1S,0) = Sl < €2 exp(C(ul + (VI u — vy, >0, 2.4)

where u, v € H. The proof (2.2), (2.3) and (2.4) is carried out by standard methods and is
given in the Appendix.
For any sequence ax, m < k < n, we set

1 n
(), = ——— > a. (2.5)
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Suppose uy, u; € H and 1 > 0 are arbitrary sequences. Define ¢; and ¢; by the relations
up = Sy (ug—1) + Sk, = Sy, Up_y) + & (2.6)

LEMMA 2.1. Suppose that

Pyup = Pyuy, OnGk = OnNG,, [+1<k<n, 2.7
e;jeHy, j=1,..N 2.8)

forsome N' > 1 and N > 1. Then

D=

k
_1
g — uilh < (Cop? )| T &
i=l+1
x exp (Clk — D (195 + Q1) lug — u)l, 2.9)

forl <k < n, where C is a positive constant not depending on uy, u;c, n,l, Nand N'.

Proof. Using (2.4), (2.7) and (2.8), we see that

lug — il = 1N G@x —uplli = QN Sy (r—1) — Sy, up_ )l
< 11Q)y (S 1) = Sy iy Dl
< @y ISy k1) — Sy (th_Dlla
< Ca;élt; 7 exp (CClur 1 1€ + ey 1) i1 — 1.
Iteration of this inequality results in (2.9). O

3. Markov chains associated with CGL equation and existence
of stationary measures

Let ug be an H-valued random variable, independent of {n;} and {#;}, and let u; be the

solution of problem (1.1)-(1.4). Denote by F;, t > 0 the o-algebra generated by u( and
{¢(s), 0 < s < t}, where

o) =Y Iig<s) k- 3.1)
k=1

LEMMA 3.1. Under the above conditions, u; is a homogeneous Markov process with
respect to JF;.
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The proof of this lemma is given in the Appendix. For any u € H and I € B(H), we set
Pi(u, ") = P{u;(u) € I'}. The Markov operators corresponding to the process u; have the
form

RUNIC) =/Pt(u,dv)f(v), ‘13?‘#(1“)=/Pt(u,l“)u(du),

H H

where f € Cp(H) and u € P(H).

The strong Markov property implies that u, is a homogeneous Markov chain with
respect to o-algebra Gy generated by {n,, t,, 1 < n < k}. In what follows, we shall write
uy instead of u,; this will not lead to confusion.

LEMMA 3.2. (i) Forany ¢ > 0 there is a constant C > 0 such that

k
Hw) < (1 + 6 e ™ Hug) + Ce Y e @ DA+ "Hm.  (3.2)
=1

(ii) Let EH(ni)? < oo for some p > 1. Then

C
EH )" < Y ERwo)” + 7 EH 0", (3.3)

where 0 < y < 1 and Cp, > 0 are some constants not depending on k.
Proof. Using (2.2), we obtain
Hur) < (14 &)e” ™ H(ug—1) + CeH ().

Iteration of this inequality results in (3.2).
To prove (3.3), note that for any & > 0 there is a constant C), , such that

Hup)? < (14 e)e” “PH(ug—1)" + Cp e Hmi)? .- (3.4)

Taking the expectation and using the independence of #; and uy_;, we obtain

EH@up)? < (1+¢) EH(ur—1)? + Cp JEH (i) ?.

A+ap

Choosing ¢ > 0 so small that y := (1 + S)Mf—ap < 1 and iterating the resulting inequality,
we arrive at (3.3). O

LEMMA 3.3. LetE||nk||f < oo forall p> 1andletug € H. Then
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(i) Thereisaconstant M > 0not depending onug and a random integer T = T(ug) > 1
such that

(lugl®p <M forn=>T, (3.5)
ET? < oo forall p > 1, (3.6)

where (-)g is defined by (2.5).
(ii) Forany d € (0, 1) and d > O, there is a constant R = R(8, d) > 0 such that

P{(|lugll$)s < R, Vn > 0} > 6, (3.7)
for any uy € Bg, where By = {u € H : |lu] <d}.
Proof. Let us fix ¢ > 0. Using (3.4) with p = 3, we obtain
Hwo® < (1 +e)e > H(ug-1)> + CeH )

)H(uk1>3

=(1 —3aty, _
(1+e) (e A+ 3a

+(1+e) H(ug—1)* + CeHme)?. (3.8)

A+ 3a

Choosing & > 0 so small that g := (1 + S)H)}W < 1 and summing up inequalities (3.8) for
1 <k < n, we arrive at

n n )\‘ n
Y Hw) <d+e)y (e—3“’k - ) Hw-1)* +q ) Hue-1)?
+ 3a
k=1 k=1 k=1
+Ce Yy Hm),
k=1

whence it follows that

I+e 1 A
3 6\n 3\n —3aty _ 3
o ([lurli)o = (Hui))o = T —gntl 1;:1 <€ —k+3a>H(”k—l)

1 H(uo)? C. C. 1
m+
l—g n+1 1—gq l—gn+1

Y Hm)?—m), (39
k=1

where m = EH(1¢)>. To complete the proof, we need the following lemma, whose proof
is given in the Appendix.

LEMMA 3.4. Suppose that My is a sequence of random variables that satisfies the
inequality
E|My|*P < CpkP  forall p> 1. (3.10)

Then the following assertions take place.
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(i) There is a random integer T > 1 such that

1
§|Mk| <1l fork>T, 3.11)
ET? < o0 forall p> 1. (3.12)

(ii) Forany § € (0, 1), there is a constant R > 0 such that

M
P{%fR,VkZl}Z(S. (3.13)
Let us set
u Y
/o —3at; __ . 3
M= (e )

i=1

k
M{ = (Hm) —m), My=Mj=0.
i=1
Clearly M; and M, are martingales. For M, it is easy to verify that (3.10) holds, as
M —M = H(n;)3 —m,i > 1 are centered i.i.d. random variables. To prove (3.10) for
M, , we need Burkholder’s inequality for martingales ([11], Section 2.4):

p
, (3.14)

k k
cim| 3" < B < GE| Y %
i=1 i=1
where X; = M — M]_,,i > 1, p > 1 and C, C are positive constants depending only
on p. Using (3.14) and (3.3), we obtain

A
A+ 3a

k
EIMP? < CoE| Y (7% -
i=1

) A e|

k
< CY EHui-)Pk"" < C'kP,
i=1
where C’ depends on ||ug||;. Applying Lemma 3.4, let 7" and T" be the random variables
corresponding to martingales M; and M. Setting

1 1 c 1
T:nvnv@mm ) M=(+8+gm+)+0m{
1—g¢g 1—g¢g 1—¢

it is easy to verify that we have (3.5) and (3.6) for 7 and M.
To prove (3.7), we apply (3.13) to the sequence

1 C
+8M;+ e
l—gq I—g¢q

My = M]/(/,
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and using (3.9), we see that (3.7) holds with

Ri=R+Cy

l—q 1-g¢q

where Cg = sup,cp, H(u)*. O
Let tg be the first hitting time of the ball Bg:
g =min{k > 0: [luglly < R}.

LEMMA 3.5. Let EH(n1) < +400. Then there are positive constants §, C and R not
depending on u such that
E, e’ < C(1 + H(u)).

Proof. 1t suffices to show that u; possesses a Lyapunov function (see [24]), i.e. there is
a continuous functional F on H such that

(1) F(u) > 1 and limj, |, - 00 F(u) = +00.
(ii) There are positive constants n, R’, C’ and a < 1 that

E,F(u,) < aF(u) for |ull; > R, (3.15)
B, F(ug) < C’ for lull < R,k > 0. (3.16)

Let

Fo !H(u), if Hu) > A,
A, ifH@) < A,

where A > 1. Then (i) is satisfied. Let |lu||; > R’. Note that

Ey F(un) = By FQun) I,y <Ay + B Fun) Iy u,)> A
< A+E,H(up) < y"Hu) + A+ CEH (), (3.17)

where we used (3.3). Choosing n and R’ so large that2y” < 1and A+CEH(n;) < y" R?a,
where « is the constant in (2.1), we arrive at (3.15) with a = 29", It remains to note that
(3.16) follows from (3.3). O

DEFINITION 3.6. A measure u € P(H) is said to be stationary for problem (1.1),
(1.2), (1.4), if B = p forany ¢ > 0.

Using the classical Bogolyubov-Krylov argument and Fatou’s lemma, one can prove the
following theorem. Its proof is outlined in the Appendix.
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THEOREM 3.7. Let EH(nx) < oo, then problem (1.1), (1.2), (1.4) has at least one
stationary measure. Moreover, if EH(nx)? < oo for some p > 1, then for any stationary
measure |L we have:

Hp(p) = /H(u)”u(du) < 4o00.
H
We denote by P; (H) the set of measures € P(H) such that H(u) := Hi(n) < +o0.

4. Main result

To show the uniqueness of stationary measure for (1.1), (1.2), (1.4), we shall need the
following condition satisfied for n:

Condition 4.1. The random variables ny are i.i.d. and have the form
(0.¢]
=Y bi&gjx),
J=1

where {g;}ien is an orthonormal basis in H, b; > 0 are some constants with

o0
B .= Zb? < 00,
j=1

and & i are independent scalar random variables. Moreover, the distribution of & pos-
sesses adensity p j(r) (with respect to the Lebesgue measure), whichis a function of bounded
variation such that

&

+00
/pj(r)dr > 0, / |r|ppj(r)dr < Cp < 00, “.1)
—00

—&
foralle >0, p > 1, j > 1 and for some constants C,, > 0.

Clearly, if Condition 4.1 is satisfied, then

Elnll? < oo forallk > 1,p> 1. 4.2)

THEOREM 4.2. Suppose that Condition 4.1 is satisfied. For any B > 0 there is an
integer N' > 1 such that, if

ejeHy, j=1,.,N 4.3)
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for some N > 1, and
bj#0, j=1,..,N, 4.4)

then there is a unique stationary measure |t € P(H). Moreover, for any initial measure
u' € Pi(H) we have

1B — wlly < Cp(+HWN™P, >0, 4.5

where C, is a constant not depending on .

Proof. Step 1. It suffices to show that for any u, u’ € H we have

1B, fu) =B, fu)] < Cpll fl (1 +Hw) + HwNe™?, (4.6)

forany p > 1, t > 0 and some constant C), > 0 not depending on («, u) and 7.
Indeed, suppose that (4.6) is already proved. Then for any two initial measures u', u” €
P1(H) we derive from (4.6):

1987 1" = Bz < Cp(1 +H(u') +H(u" N7, 4.7

This inequality shows the uniqueness of stationary measure in Pj(H). It follows from
Theorem 3.7 that any stationary measure y is in Py (H). Taking u” = w in (4.7), we arrive
at (4.5).

Step 2. Inequality (4.6) is a direct consequence of the following proposition.
PROPOSITION 4.3. Under the conditions of Theorem 4.2, for any B > 0 there is an

integer N' > 1 such that, if (4.3) and (4.4) hold for some integer N > 1, then there

is a probability space (2, F,P) and a sequence of i.i.d. random variables {t;} that are

exponentially distributed with parameter ). such that for any u,u’ € H one can construct
random sequences uy, u;,defined on Q with the following properties:

(i) The initial value of the trajectory (uy, u}) is (u, u'):
k

Furthermore, the random variables ¢ and {]/( defined by (2.6) are i.i.d., and their
distribution coincides with that of ny:

D(gk) = D) = D).
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(i) There is a random integer £ = £(u, u") and a constant M depending only on B such

that
Pyux = Pyuj, fork>(€+1, (4.8)
ONGk = ONG, Jork =1, 4.9)
(laeill + N l19)g < M fork=t+1, (4.10)
11, <
zm’ > logh| <M fork > €+ 1. (4.11)
i=0+1

(iii) There is a positive constant C), not depending on (u, u’) such that
Ee? < Cp(1 +H(u) + Hw')) forall p> 1, 4.12)
luel v llugl < 1. (4.13)
To prove (4.6), let u; and u) be the random sequences constructed in Proposition 4.3

and corresponding to the initial value (u, u’). Let 1y = qu:l t,,n > 1and g = 0. Define

= 1 Sm ), if 1 € [t rt1), k=0,
= .
St W) + Ckg1, i = Ty,

and u) is defined in a similar way. Clearly, u, and u} have the same distributions as the
solutions of (1.1)—(1.4) corresponding to u and u’, respectively. Thus

1B, fw) — B, fu)| = [E(fur) — fu))]. (4.14)
Let
Ny =max{k >0:1 <1}, (4.15)

then JV; is a Poisson random variable with parameter At (e.g., see [13]). Define G, = {w :
20+ 1 < N;} ={w: 141 < t}. As 14 is a Gamma random variable with parameters A
and k (e.g., see [5]), we have

o o0
24 1 1
Edy < ZE[Tgn+1I{i=n}] = Z(Efszﬂ)zﬁ”{ﬁ =nj?

n=1 n=1
o 1
< CL+Hw) +Hw)) Y = < oo, (4.16)
n=ln

forany g > 1, where we used the Cauchy—Schwarz inequality and (4.12) with p = 2(2+¢).
It follows that

P(G) < C(1 + H(u) + Hw)) ™" forany p > 1. (4.17)
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Using (2.3), we see that

/ 6 / 6 /
llur = uplln < Cexp(Clllugy, 17+ Nz, D) ey, —uzy, 1,

whence, using (4.8)—(4.11), (4.13) and Lemma 2.1, we obtain

Ellg, lur — ull1] < E[2(Cary?, YNt 2CMNi—0)]
Choosing N’ so large that log a1 > 2(2CM + log C + 2), we arrive at
EllG, lu; — u)l1] < Be™ N = ¢, (4.18)
where ¢ = A — % Let f € L(H). Then, using (4.14), (4.17) and (4.18), we derive

1B, fw) — B, fw)] < Bl flur) — fuy)]
< IflcEUG, llur — ugli] + Elge2|l flloo
< Ifllce™ 4+ 20 fllcCh(1 + Hu) + H@w')r™?
< Cpll fllc@ +Hu) +Hw"))rP. (4.19)

This completes the proof of (4.6). O

REMARK 4.4. 1. The embedded Markov chain u,, also satisfies a property of polyno-
mial mixing. This follows from Proposition 4.3 and is proved using the same arguments
as in the proof of Theorem 4.2. The stationary measures of the original process and that of
embedded chain are connected with the Khasminskii relation:

1
]Evtl

T
(f1) = ——E, / s,
0

where v and u are the stationary measures of u;, and u; respectively.

2. The integer N in Theorem 4.2 depends on the viscosity v. In the case of the 2D
Navier—Stokes equations on the torus, controllability and exponential mixing property hold
under condition (4.4) with N not depending on v (see [1, 23, 10]). It would be interesting
to establish similar results in the setting of the present paper.

3. The proof of Theorem 4.2. can be generalized to the case of external forcing of the
form

n(t, x) = h(x) + Z M (X)8(r — ), (4.20)
k=1
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where i € H is adeterministic function. In this case, one needs to replace the first inequality
in (4.1) by the following one:

ate
/ pj(r)dr >0 foralla e R,e > 0and j > 1. (4.21)

a—¢e

The proofs of all the results, except that of Lemma 5.4, remain literally the same. The proof
of Lemma 5.4 in the general case is given at the end of Section 5.

5. Coupling operators

Let 1, be a sequence of random variables with range in H and suppose that Condition
4.1 is satisfied for ny. Clearly, if b; # 0, j = 1, ..., N, then the distribution of the random
variable Py (7n1) is absolutely continuous with respect to the Lebesgue measure, and its
density has the form

N
p(x) == qu(xj), qj(xj) = b}]pj(ij}]), x = (x1,...,xy) € Hy.
j=1

Now we have the following lemma, which is a version of Lemma 3.2 in [18]:

LEMMA 5.1. Suppose that Condition 4.1 is satisfied and b; # 0 for j = 1,..., N,
where N > 1 is an integer. Then there is a probability space (2, F, P) such that for any
u,u’ € H there are H-valued random variables { = {(u,u’, w), { = '(u, u’, w) and a
real-valued random variable t = t(w) with the following properties:

(i) The random variables ¢, ' and n1 have the same distributions, and t is exponentially
distributed with parameter ).
(ii) The random variables (PyC, Pn¢") and (Qn¢, On{') are independent, and ¢ and
¢’ are independent of t.
(iii) The random variables Q N and QN are equal for all w € 2 and do not depend
on (u,u’).
(iv) The random variables ¢ and ¢’ are measurable functions of (u, u’, ) € H x H X Q.

Proof. Supposethatt; = t1(w;) is arandom variable that is exponentially distributed with
parameter A and is defined on the space (21, 1, P1). Let (v, v') be a maximal coupling for
(Vu,01> V', )» Where vy o, is a measure on Hy given by the density p(x — Py S, (w,) (1))
(see [20], Section I, 5). By Theorem 4.2 in [18], we can assume that the random variables
v and v’ are defined on the same probability space (Q22, F», Pp) forall u, u’ € H, w1 € Q
and are measurable functions of (u,u’, w1, wy) € H x H x Q) x 3. Suppose that
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n1 is defined on the space (23, F3, P3). We denote by (€2, F, P) the direct product of
(2, Fi,Py), i =1,2,3, and define ¢, ¢’ and ¢ by the relations:

Hw) = t1(w1),
Pyi(w) = v(u, u', o1, @2) — PN Siw,) (1),
PNE (@) =V (u,u', o1, 02) — Py Siwp) (1),

Oni(w) = OnE (@) = Onmi(@3),
where w = (w1, w2, w3) € . Using the definition of ¢ and Fubini’s theorem, we see that
P{Pn¢ € T} = Eljpycery = E1P2{Pyi(w) € T}

=EiP2{v— PnS;(u) e T} = /P(X)dx =P{Pym €T}, (5.1
r

for any I' € B(Hy), where E; is the expectation corresponding to the measure P;. All
assertions of lemma follow from the construction and relation (5.1). O

REMARK 5.2. Using inequality (3.8) in Lemma 3.2, [18] for the variational distance
between vy, and v, ,, , we obtain the inequality:

”Vu,wl — Vi, lvar < CnlISi(u) — S;(M/)”l,
which holds P-a.s.. Then the definition of maximal coupling gives
Po{v # v'} < CwlISe(u) — St (5.2)

REMARK 5.3. Let (', 7, P) be the direct product of (2;, F;, P;), i = 2, 3. For any
w1 € Qp, let Ey,, = {0 € @ : v(u, v, w1,0) # Vv, 0, 0)}. As (v,V)is a
maximal coupling for (vy,w,, Vi @, ), We have

P{o(u,u’, wy,-) € T,V (u, u', w1, -) € T'|Eq,}
= ]P/{U(M, u/v w1, ) € 1—1|E'(l)1 }]P/{U/(M, M/7 w1, ') € F/|E(U1 }7
if P'{E,,} > 0and I', " € B(H). Now it is easy to notice that
P'{vy, €T, v;)l el Ey} >Pu,, €T, E, }IE"’{viul el E,}. (5.3)
Let us define coupling operators by the formulas

Ru,u', ) = Siwy(u) + tu, u', ), R'(u,u’,w) = Sy + W, u', w),

where u, u’' € H and w € Q.
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LEMMA 5.4. Under the conditions of Lemma 5.1, there exists a constant y € (0, 1)

such that for any r > 0 and an appropriate constant ¢ := ¢(r) > 0 we have
Pr1 =PHRw, v, ) + H(R (u,u’, -)) < ()/(H(u) + ’H(u/))) vr} > e, (5.4)

forallu,u’ € H.
Proof. Step 1. It suffices to show that there is C > 0 such that for any § > 0 and an
appropriate constant €5 > 0 the following inequality holds IP;-a.s.:

Pi(w1) =P {HRu,u', w1, ) + H(R (u, v, w1, ))
< C(H(Si(wy) W) + H(Siw)) W))) + 8} > &s. (5.5)
Indeed, define the event
V = {e @) < 20)7").
Then P; (V) > 0, as t is exponentially distributed. We deduce from (2.2):
C(H(Stwn) @) + H(Siw) @) + 8 < Ce™ D (H(u) + Hw')) +
1
< 5 (H@) + Hu')) + 6,
if ] € V. Setting y = % and § = 7, we see that
1
E(H(u) +HW")) + 8 < (Y(Hw) + Hw))) vr.
Combining this with (5.5), we obtain P! > E; Péz(a)l)lv (w1) = gsP(V).
Step 2. Let us fix arbitrary 6 > 0 and w; € 1. Suppose that
(5.6)

H(PN Siw;) @) < H(PNSi(w)) (1))
(the proof of the other case is similar). Define the events
As = {0)/ € Q' H(PNR(w1, ') < 8H(PNSi(wy) (1)) + E} ,

Fs = {a)/ e H(ONR(w1, a)/)) < SH(QNSI(,U])(M)) + 3—2} s

é
Gj {w/ € Q' H(PNR (w1, @) < 8H(PNSiw) @) + 3—2} ,

Fy {w € Q' : H(QNR (w1, @) < 8H(ONSi(wy) W) + 5} ,
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Clearly, if " € AsFjs, then

)
H(R) < 8H(PNR) + 8H(QNR) < 64(H(PN S/ (1)) + H(ONS (1)) + 7
As dim Hy < oo, we obtain
H(PnS:(u)) < CrH(S:(u)),

therefore
H(ONS: (W) < C2H(S:(u)).

Finally, we have
HRu, u', w1, @) + HR (u, u', w1, ')) < C(H(S;(w)) + H(S; (")) + 8,
if o' € A5G FsFs. Using property (ii) of Lemma 5.1, we see that
PZ(w1) > P'(AsF5sGF}) = P'(AsG5)P (FsFy).
Hence, it suffices to find a constant ks > 0 not depending on w; € €2 such that
P'(AsGy) > ks, P'(FsF}) > ks. 5.7

Step 3. It follows from (4.1) that for any t > 0 there is g; > 0 such that

P{liclh < 7} = go PUIC N < T} = g1 (5.8)

In view of property (iii) of Lemma 5.1, we have

| &

P {SH(QNC) = 8H(QnE) < 32} > gs,
where ¢ > 0, therefore
P'(FsFy) = g
Step 4. We deduce from (5.8) and (5.6) that
P'(As) = g5, P'(G}) = g;. (5.9)
Let E = {PyR # PyR'}. Then AsE¢ = G{E® = A;GSEC. If P'(E) = 0, then
P'(A5Gy) = P'(A5) = g;.

Suppose that P’(E) > 0. Using Remark 5.3, we obtain

P'(AsGY) = P'(AsGSEC) + P (AsGSE) > P'(ASES) + P/(AsE)P (GSE). (5.10)
If P'(ASES) > (%;’)2 =: kg, then ]P’/(A(;Gg) > ks. If P'(AsEC) < ks, then

as

/ / / / ‘ / / / ‘ / 2\2
P'(45Gp) = (P'(4y) — P (AENP Gy —PMEN = (65— (2) ) = k.

This completes the proof of the lemma. O
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Proof of Lemma 5.4 in the case of forcing of the form (4.20). Notice that Lemma 5.4
is used only to show assertion (ii) in the proof of Lemma 6.1. Thus, it suffices to prove
(5.4) for all |lu|l; + |l#’]l1 < R, where R > 0 is a constant. Using condition (4.21) and the
arguments of the proof of Lemma 3.2 in [26], one can show that for any N > 1 such that
(4.4) holds and any § > O there is a constant ¢ := &(R, N, §) > 0 such that

1 3
P{H(PNMvH(PNR’)sa, H(OND) = H(QNE) <6, te[”]} >e (5.11)

for all |lu|l; + |lu'|l1 < R. Let S, : H — H be the resolving semi-group for (1.1)—(1.3)
with n = h. Let N’ > 1 and N > 1 be such that (4.3) and (4.4) hold. Then

1
SH(Q NS () < CH(Q)y i) < Clary?y 1S (w2

Thus, for sufficiently large N’ > 1, we have

SH(ONS,()) < %H(u) (5.12)

forall ¢ € [%, %] and |lu]l; < R. Finally, choosing § = lr% and taking into account (5.12)

and (5.11), we show that the following estimate holds with probability > &:

H(R) + H(R) < 8(H(PNR) + H(PNR') + H(ONR) + H(ONR))
< 168 + 8H(ON S () + 8H(ON S (")) + 16H(QNE)

IA

%(H(u) + H(u')) + 328

%(H(u) +H@W)) vr.

IA

6. Proof of Proposition 4.3

Let (Qk, Fk, IP’k), k > 1 be independent copies of the probability space constructed in
Lemma 5.1, and let (2, F, P) be their direct product. Let ug = u and u, = u’, where
u,u’ € H We set

(@) = Rug—1 (@), uy_; (@), @), uj(@) = R (ur—1(w), u}_ (@), @),
(@) = Lup—1 (@), up_ (@), &), G (@) = (ur—1(@), uj_ (@), o),
(@) = 1),

where w = (0!, @2, ...) € Q. Clearly, for Uy := (ug, u;{) assertion (i) of Proposition 4.3
is satisfied. Since ¢, ¢; and 7 are sequences of independent random variables and {¢; )2,
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and {;,’(},‘(’i | are independent of {#; }]fi |» the sequence Uy is a Markov chain in the space
H:=H x H
Let us introduce the stopping time

g = min{k > 0, luglli V lluglli < d}.
LEMMA 6.1. For any d > 0O there are positive constants y and C such that
Eye’™ < C(1 +Hw) +Hw)) forall U := (u,u’) € H. (6.1)

Proof. Ttis well known (e.g., see [12] or Proposition 2.3 in [26]) that inequality (6.1) will
follow from two statements below:

(1) There are positive constants §, R and C such that
Eye®™® < C(1 4+ H(u) + Hu')) forall U € H. (6.2)
(ii) For any R > 0 and d > O there is an integer / > 1 and a constant p > 0 such that
Py{U; € By} > p forany U € Bp, (6.3)
where By = {(u, u’) € H: |lully v [ully <d}.

The proof of (i) is similar to that of Lemma 3.5. To prove (ii), we use the definition of
U = (uk, up), Lemma 5.4 and the Markov property:

Pu{H ) +Hw) < (V' (H@) + Hw')) v ()} > €,

for all / > 1, where ¢ depends only on d. Choosing [ so large that y'Cr < d’a, where
Cr = supy g, (H(u) + H(u")), we obtain (6.3). O

The proof of the following lemma is similar to that of Lemma 3.3, and we shall not dwell
on it.

LEMMA 6.2. (i) There is a constant M > 0 such that for any Uy = (ug, uE)) eH
and an appropriate random integer T = T(ug, u6) > 1 the following inequalities
hold

(luellS + 1,168 <M forn > T, (6.4)
ET? < o0 forall p > 1. (6.5)

(ii) Forany é € (0, 1) and d > O, there is a constant R = R(8, d) > 0 such that
P{(lluell} + lug 19 < R, Vn = 0} = 6, (6.6)

for any Uy = (uo, ugy) € By.
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For any M > 0, we introduce the stopping times
— mi . 6 7116\ k
I (M) = min{k > 1: ([lu;ll] + llu;lly)o > M},
1
T>(M) = min{k > 1 : 5<1ogt,->’5 > M},

T3(M) = min{k > 1 : Pyuy # PN”;CL
o(M) = Ti(M) A To(M) A T3(M).

LEMMA 6.3. For any B > 0, there is an integer N' > 1 and a constant M > 0 such
that, if (4.3) and (4.4) hold for some integer N > 1, then

Pulo(M) = 00) = 5, ©7)
Evullio(my<oc)o(M)P] < 400 forall p > 1, (6.8)
where U € By, d = ﬁ and Cy > 1 is the constant in (5.2).
Proof. Let M > 0 be sufficiently large and let m > 1. Then
{o(M) =m} C{TV(M) = m} U{To(M) = m}U Ay, (6.9)
where A,,, = {T3(M) = m, T\ (M) > m, T,(M) > m}. Note that
Am = {Pyum # Pyu,,o(M) > m — 1}.
It follows from Lemma 2.1 that for Py-a.e. w € {o(M) > m — 1}, we have
1 Gtm1) = 83, el < 2d(Caty "M,
Choosing N’ so large that logayry1 > 2(2CM + log C + 2), we see that
1S4, ttm—1) = Sy, ()11 < 2de™".
Using Remark 5.2, construction of the space (€2, F, IP) and the Markov property, we obtain
Py(Ap) <2dCye " = e ™. (6.10)

Let T; be the random integer constructed in Lemma 3.4 for the sequence % log#;, and T} be
the random integer in Lemma 6.2. Then, it follows from the definition of 7} and 7> that

T 17, <00y < T},
DIty <00} < TZ/‘
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To prove (6.8), note that

Eyllip<oco?l = Y Plo(M) = mjm?
m=1

M

(P{T{ > m} +P{T5 > m} + P{A,,)m”

3
I

IA

1
o0

C Z(m_/’_2 + e MymP < oo,
=1

m

where we used (6.9), (6.10), (6.5) and (3.12).
To prove (6.7), we use (6.9) and (6.10):

1
P{o < o0} < P{T} < oo} + P{T> < oo} + o (6.11)
2 —

It follows from (6.6) and (3.13) that for any § € (0, 1) there is M = M(8, d) > 0 such that

P{T1(M) < oo} + P{T2(M) < oo} < 6.

1

Choosing § = % — . we arrive at (6.7). O

To construct the random integer £ in Proposition 4.3, we follow the ideas of [26]. Suppose
that N > 1, M and d < 1 are the constants in Lemma 6.3. Let pg be the first hitting time
of the set B,;. If for some w € 2 we have

1
Pyug = Py, (luillf + 119)5, < M, 5 (logtiyy, <M forallk > po+1. (6.12)

we set £(w) = po(w), otherwise, let ,o/1 be the first time when one of the conditions in
(6.12) is not satisfied and let p; be the first hitting time of the ball B after p}. Suppose that
p1 < oo and (6.12) is verified for w € 2, with pg replaced by p1, then we set £(w) = p; (w).
Continuing this process and using the same arguments as in [26], one can show that £ is
well defined for a.e. @ € Q2 and satisfies (4.12). The other assertions of Proposition 4.3
follow immediately from the construction.

7. Appendix
7.1. Proof of inequality (2.2)
Let ug € H. Setting u(t) = S;(ug), we have

%H(u(t)) = (—2aAu + Blul’u, i), (7.1)
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where (#, v) = Re fD uvdx. Since u is the solution of (1.1)—(1.3) with n = 0, we deduce
from (7.1) that

%H(u) = (=2aAu + Blu>u, vAu — iBlul*u)

< —2av||Aull® + (Blul?u, vAu) + QaAu, iBlul*u). (7.2)

It is clear that
QaAu, iBlul*u) < 2aB(Vul*, [u?), (7.3)
(Blul*u, vAu) = —po(lul?, |Vul*) — oV (ul*), Vu). (7.4)

Substituting (7.3) and (7.4) into (7.2) and noting that

2 = 2 1 2\\2
@V (|u?), Vu) :Re/uVuV(|u| )dx = ERe/(vqm )2dx > 0,
D D

we obtain
d
S Hw = —2av||Aull? — Bo(jul?, |Vul®) + 2eB(ul?, [Vul?).

Choosing « sufficiently small and applying Poincaré’s inequality to the function |u|?, we
arrive at

d
aH(u) +avl|Au|)? < —aH®w), (7.5)

for some positive constant a. Application of Gronwall’s inequality results in (2.2). Finally,
note that the integration of (7.5) gives

t
otvf lAull*ds < H(ug). (7.6)
0

7.2. Proof of inequalities (2.3) and (2.4)
Step 1. Let u(t) = S;(uo) and ug € H. Then
u- 12 € C([0, 00), HA(D)). 1.7

Indeed, formally taking the scalar product of —Aur and Equation (1.1) with n = 0, we
obtain
(it — vAu + iBlul?u, —Aur) = 0.
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Integration of this equality in ¢ results in

t

t t
v v
§t||Au||2+/s||V1)t||2ds < 5/ ||Au||2ds+,3/s|(|u|2u, Air)|ds. (7.8)
0 0

0
Note that
t 1 t t
ﬂfs|(|u|2u, Air)|ds < 5fs||w||2ds+Cfs||wni4|||u|2||§4ds
0 0 0
t t
<l Vit|?ds + C Aul?|u)?d 7.9
<5 [ sIVilPds+C [ siaul?ullysds, (7.9)
0 0

where we used Sobolev embedding H'(D) < L*(D). Substituting this inequality into
(7.8) and using Gronwall’s inequality, we arrive at

t t
1] Aull? §/||Au||2ds-exp C/||u||jgds ) (7.10)
0 0

Using the Gagliardo—Nirenberg inequality
3 1
lull s < Cllull 4l Aul 2, (7.11)

and inequalities (2.2) and (7.6), we see that

t t
exp(C / lul} ds) < exp(C f lull7 ol Au*ds)
0 0

3
< exp(CH(u)?) < Cexp(Clluo|$). (7.12)
Now substituting (7.12) into the right-hand side of (7.10), and using (7.6), we obtain
sup 7l|Au(r)||* < Cexp(Clluollf). (7.13)
€[0,1]

To prove (7.7), we use Galerkin’s method, choosing as a base in L2 (D) the set of normalized
eigenfunctions of the Dirichlet Laplacian. It is easy to verify that (7.13) holds for Galerkin
approximations. Then passing to the limit, we arrive at (7.7) and (7.13).

Step 2. Let ug, vo € H and u = S;(ug), v = S;(vg). Then we have the following estimate
forw=u—v:

t
IVw|? +v / [ Aw|*ds < C|[Vwo > exp(Clluol$ + llvoll$)). (7.14)
0
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where wg = up — vg and C is a positive constant. Indeed, w is a solution of the following
equation

w — vAw + iB(|lu)*u — |v]*v) = 0. (7.15)

Taking the scalar product of this equation with —Aw and integrating the resulting equality
in ¢, we see that

! 2 2 1 2 2 2
SIVwli=+v [llAwlds = 5[ Vwoll +/3 |(lul"u — [v["v, Aw)|ds

1
EIIVonI +5 /IIAwIIZdS+Cf|I|u| + 0P34 I Vwl*ds. (7.16)
We deduce from Gronwall’s inequality:
IVw|* < IIVw0||26XP(C[ Hul® + [v]*7 4ds).

Now substituting this inequality into the right-hand side of (7.16) and using (7.12), we
arrive at (7.14).

Step 3. Taking the scalar product of (7.15) with —tAw and integrating the resulting equality,
we obtain

t
v 2 <02 v 2
Elllﬁwll + | sliVw||“ds < 3 | Awl|“ds

0 0
t

1
/s||V(|u|2 — v]?v)|I?ds + 5/s||Vw||2ds. (7.17)

0 0

‘32
2

Using Holder’s inequality, we see that

t

fs||V<|u|2u — [v|?v)|I%ds

0
t
C/s<|||u|2Vw||2 + lwu Vol + woVol|*)ds
0
< c/<s||Aw||2||u||ig +slwlZ VUl (vl 3s + llull?s))ds. (7.18)

0
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Substituting (7.18) into (7.17) and using Gronwall’s inequality, we arrive at
t t
tlaw|* < C / I Aw||*ds + / slwll3 s IVoll7 4 (Ivll7s + a3 g)ds
0 0

t
X exp C/||u||‘£8ds ) (7.19)
0

By the Cauchy—-Schwarz inequality,

t

P :=fs||w||ig||Vv||i4<||u||is + [vll7s)ds < Csups|Av||®
[0,]
0

, i Lo,
4 4 4
x /nwnLgds /nunLgds + fuvuLxds . a0
0 0 0

To estimate the right-hand side of this inequality, note that

t 2 t

sup s[| Av|? fnunigds + /nvnigds
0 0

D=

< Cexp(C(lluoll + llvol$)), (7.21)

where we used (7.12) and (7.13). Using (7.11) and (7.14), we see that
t
/ lwll} 5ds
0

We deduce from (7.21) and (7.22) that

1 1
2 2

t
< Csup||Vuw|| /||Aw||2ds
[0,7] o

< ClIVwoll? exp(C(lluoll§ + lvoll6)). (7.22)

P < Vol exp(C(lluoll§ + llvoll))- (7.23)
Finally, substituting (7.23) into (7.19), and using (7.14) and (7.12), we arrive at (2.4).
7.3. Proof of Lemma 3.1

Let NV; be defined by (4.15). Then, for 0 < s < ¢, N; — N is a Poisson random variable
with parameter A(f — s), independent of F; (e.g., see [13]), where F; is defined in Section
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3. Let ¢ be defined by (3.1), then we have

N
(=)= Y m (7.24)

k=N;+1

It follows from (7.24) that ¢ has independent increments. Using (7.24) and the fact that
the distribution of AV; — A depends only on f — s, it is easy to see that the distributions of
processes ¢(-) and ¢(- + s) — &(s) coincide:

D@, 1 = 0) =D +5) —5(s), 1 = 0), (7.25)

for any s > 0. Note that u(?) is determined by {¢(7) : 0 < t < ¢} and u(?) is F;-measurable.
We have

Plu(t, uo, {¢(r) : 0 < v < t}) € ' Fy}
=Plut — s, us, {8(0) = £(s) s = T <1}) € | Fi}
=Plu@t—s,0,{{D — &) st el _,. (7.26)

for any I € B(H), where we used the independence of increments of ¢. Using (7.25), we
arrive at

P{u(t, uo) € T|Fy} = Plu(t —s,v) € T} _, (7.27)

which completes the proof of the lemma.

7.4. Proof of Lemma 3.3
Let us introduce the random variable
1
T =min{n > 1: Z'MH <1 forall k > n},

where min {}} = +o0. Itis easy to see that P{T = oo} = 0, as

oo oo
1 1
P{T:OO}SkZEmP{;|Mk|>1}Sckzgmﬁ—)o, m — 09,

where we used (3.10) with p = 2 and Chebyshev’s inequality. To estimate the moments of
T, we use (3.10) with [ = p + 2:

o o0
1
ET? =Y P{T =n}n” <1 +Zp{z|Mk| > 1} (k+ 1)?
k=1

n=1

o0
<1+ CZk"(k+ )P < +o0.
k=1
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To prove (3.13), we use (3.10) with p = 2 and Chebyshev’s inequality

M, > M Cr 1
P{MSR,Vk21}31—ZP{M>R}21——2 —.
k P k R £ 2

Choosing R sufficiently large, we obtain (3.13).

7.5. Proof of Theorem 3.7

Let u, be the trajectory of (1.1)—(1.4) with ug = 0. It suffices to show that the family D(u;)
is tight in H. Let ; be defined by (4.15). First we shall show that the family D(u ) is
&

tight. By Ulam’s theorem, there is a compact K; such that P{n; ¢ K;} < 5. Using the
independence of {1,,} and \V;, we obtain

Plnn; ¢ KL N; #0) =) Py, ¢ KL N: = p)
p=1

P(n, ¢ KN = p} <

o

=
Il
-
N ™

Using (3.2), it is easy to show that there is a constant M > 0 such that
]E(||MTM7I||11{M#()}) <M, for all r > 0.
Let R, > 4TM. By the Chebyshev inequality, we have

=

(7.28)

Fl=
Blo

Pllluzy, I Inz20) = Re} <

Define B, = {v € H : ||v|l; < Re} and K? = S[4.(BRr,), Where b > 0,a > 0. Then K?
is compact in H. We deduce from (7.28) that

P(Sip; (ury,_)) ¢ K. N; # 0} < Pley; > b, N; # 0} + Pltw, < a, N; # 0}

o0
e
+Plucy, , ¢ Be, N # 0} < 3 (Plty > b Ny = p} + Pl <@ Ny = ph + 7
p=1
e €
<P{n>b}+P{t1 <a}+; =< 3,
472
if b is sufficiently large and a is sufficiently small. Let K, = K ; + K? We can assume
that 0 € K,. Asuy;, = 0, if A, = 0, we have

P{MIN, ¢ K} = ]P){MT./\/’[ ¢ K¢, Ny =0} +P{”r/\/, ¢ Ke, N; # 0}
<P, ¢ KLN: # 0} +P{S, (ury, ) & KZL N #£ 0} <.
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Thus D(ux,) is tight in H.
Define Ty = S[0,00)(K¢) and note that u, = S,_,Nt (urN,), t > 0. Then T, is compact in H.
Finally, we have

Plu; ¢ T} < ]P){MT./\[[ ¢ K} <e.

The proof of the other assertion of the theorem is standard.
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