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Report on the ΡhD Thesis
..Ιnvertibilitd restreinte. distance au cube et covariance de

matrices al6atoires"
by Pierre Youssef

Ιt is my great pleasur.e to write a report on the excellerrt work of Pierre Youssef. }Ιis PhD
T}resis coιrtairrs deep and beautiful resuΙts olt funda,πterιtaΙ questiorιs of the local theory of Ba-
nach spaces. He exploits an extremely interesting "linear algebraic rrrethod" v,,hich v,,as recently
discovered by Batson, Spielrnarr and Srivastava in order to introduce neiv ideas in this area and
to obtain beautifuΙ simp1e proofs and extensions of results of Bourgain, Tzafriri aτιd ot}ters, re_

lated to restricted invertibility, the Kadison-Singer problem and some classical problems about
Banach-Mazur distance estimates.

The Thesis is divided irr four Parts vrlrich Ι wiil a,tterrιpt to describe briefly.

1. Restricted invertibility. The restricted invertibility principle of Bourgain and Tzafriri
states t}ιat if 7 is an n x ri, matrix rvhose columns 7e, have Euc1idean norm eqιla1 to 1 therι there
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wher.e c > 0 is arι absolute constant. Ιn other words, t}ie restrictioτι To of 7 to span{e7 :

j e "Ι is weΙl-invertibΙe; oιre has s.1.'(ζ) ) c. Vers}ryrrin geιreralized this ι.esuΙt as foΙ]ows:
if Ιd : Σi'.'1t\ and 7 : ['ξ __+ |ξ is a Ιirrear operatoι t}telt. for arly ε e (0' 1) οrre caι fiud
σ C {1, '..,m} of cardinality 1α| 2 (ι *ε)||r||frg/||r||2 sιιclι t1rat for any choice of scaΙars (t.:j):jeo,
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where c(ε) ) 0 is a constant depending on1y on ε. Vershyniτr,s ar'gument is based on an iteration
of the Bourgain-.Ιzafriri theorem and a result of Kashin-Tzafiiri, and this affects the finaΙ depen-
dence of c(ε) on ε' one should also emp}rasize that the arguments behind both results involve a
mixture of probabiΙistic, combinatorial and functionai analytic πrethods.

The starting point of Youssef,s approach is a restricted invertibi1ity theorern of Spielπιan
and Srivastava. They sho.ιved that if Ι\l,,,lr- € IR, satisfy Ιd : ΣT='JjΙ', t]ΙeΙΙ, for every
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ε€(0, 1) andeverylinearoperatorT lξ-+!ξoιιeca,lrfiιtdσC{1,...,m)ofcardinality
l"| Σ (ι - ,),||Τ|1"τιsl||7||2 such thar (Tr)1ao is linear1y independent and, for any choice of
scalars (ti)ie",

/ \ ^2||Tι2l.,, lΣ(rι;)(Tι)ι| 2 ε-]|l ||-rrs.
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The elernentary proof of this fact has its origin in previous work of Batson, Spielman and Srivas-
tava' Ιt introduces a very interesting linear algebraic πιethod aτιd gives a deterministic algorittrπr
fοr the selection of the vectors Tr.i.

The main resuΙt of Youssef in this Ρart of }ris Thesis is a nοr.τnalized veι.sioll of the ιestricted
invertibility priιrciple of Spielτrran aιrd Srivastava wliicir r'eads as follows: Let U be ιtΙl ?ι X 7rl

matrix and Ιet D : diag(α1,...,O,,.) be a diagona|,πι x τrι rnatr,ix with the propeιty t}ra,t

Ker(D) c Ker(U). Therr, for alιy ε € (0, 1) tlrere exists α C {1,...,πι} witlr
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such that
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Equivalently, for any choice of scalars (t)ie" one has
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The proof borrows ideas frorn the vrork of Spielman alrd Srivastava bιιt the type of t}re stateπιent
obtained is exactlγ the olte vrhich is needed for an alterriative proof of t}re Boιrrgain-Tzafriιi
arrd Vershyniιι results. Ιn fact, Youssef iιnproves both of t}rerrr because (i) he is able to iralrdle
arbitrarily smaΙl values οf ε in tlιe BourgairιTzafriri result arrd (ii) he obtaiτis a rlruc}t better
corιstant c(ε) in Vershyniτr,s result. Ιrr a fe.w woι,ds, he pτ'esents an elementary a,rιd quaτrtitatively
better proof of these well-known results.

2. Proportional Dvoretzky-Rogers factorization and the Banach-Mazur distance to
the cube. Youssef appΙies the main resuΙt of Part 1 to obtairl a new proof of t}re best knolvrt
quantitative estimate on tlιe so-called proportiolial Dvoretzky-Rogers factoriza,tioτr: for every
tι-dirnensionalnormeι1 spaceΧandanyε>0thereexistsA2(1 -ε)2nsuclιtlrattheidentitγ,i2,n:lξ --, l*" canbewrittenasi2'* : αoβ, w}rere/l .ιξ _--) Χ,α'. X ---+ l! and

l|"|| i|ρl| S }, τt'epreviousΙyknovrnproof of thisfactrvasrathercomplicatedandinvolvedt}re
same combinatorial and functional anaΙytic too]s as the Bourgain_Tzafriri theoreπr (isomorphic
versions of the Sauer-S}re1ah lemma and factorization tileorems). The proof of Youssef is certainΙy
simpler and direct, and }rence, besides leading to the same dependence on ε, it has the advantage
of providing better values for the absolute constants involved. Ιt is also known that this result
is a main iτrgredient in the available approach to t}re problem of t}re rnaximaΙ Balrac}r_Mazur
distance from an rz-dirnensional normed space to /}. This is a fascirιating problem, posed by
Pelczvnski, which reιnaiτls open. Youssef recovers the best knorvrr ιιpper boulrd d(Χ'(λ) S Cτι5/a
and obtains a better value for the rιuτneιical cοnstarlt C.

A proportional Dvoretzky-Rogers factorization result is a1so provided fοr not necessariΙy

symmetric coΙΙvex bodies in Lδvrner,s position. This is arl impr.oved versioτt (with respect to the

dependence on ε) of a theorem of Litvak and Toτnczak-Jaegeι,maτrrr.

3. CoΙumn subset selection. This part of the Tlresis is relateιl to the famοus Kιιdisotr_Siιgeι
problem. Using the ..linear algebraic nethod,, insteιιd of tlre proba,llilistic τrιet}ιod of Bouιgιilr
and Tzafriri, he manages to obtairι new siιnpΙer proofs of r.esιι1ts of Tτopp orι partitioτring a πratrix
.ιvith columns of noι.lrt orιe into bΙocks vrith singuΙar vaΙues ahιlost equa'l tο 1 atrd lre gives a rrerv

proof of the Bourgaiιr_Tzafriri paving theorem: t}rere exists arl absoΙιιte coτrstant c > 0 such that
foreveryεe(0, 1)andanyoperatorΤ:!ξ-+!ξπιit'h(Tei,e,;):Οforal1 ri <rι,thereexists
α C {1, '..,'n\ satisfying |o| > cε2n aιd ||P"ΤP!|| < .l|r|| The question to obtain a proof of
this fact along these Ιirιes was posed by Naor.



4' Covariance of random matrices. The last Part of the Thesis is related to a welΙ-knovrn
questioιr of Ka'lura,Ir, Lov5,sz aιrd Siιrroriovits colιcerllilrg t}te πrinirrιal sa,πιple size N : N(n)
which is enough in οrder to estimate the covariance matrix of an rι-dimensiοnal distribution by
the sampΙe covariance matrix in the οperator norm, with an arbitrary flxed acclιracy. Ιn the case
of log-conοave distributions, the optimal bound Ιy' : o(n) vras established by Adamczak, Litvak,
Pajor and Tomczak-Jaegermann. The starting point of Youssef is subsequent rvork of Srivas-
tava and Vershynin who, using randomization of the algorithm of Batson-SpieΙman_Srivastava,
obtained the same result for every distribution whose k-dimensional marginals have uniformly
bounded 2 * ε moments outside a sphere of radius σι/k. FolΙowing their approach, Youssef
randomizes a method of De Carli Silva, }Ιarvey and Sato and extends the result to the matrix
setting.

Conclusion

The Thesis of Ρierre Youssef is very welΙ vrritten and shov,us that he has a solid background
in asymptotic geometric analysis. [Ιis rvork contains tec}rnical and beautifu] resu]ts: a whole
family of well-known results from the local theory of Banach spaces are proved by Youssef in
an alternative, elementary and πιore direct way aS coΙΙSequeΙΙces of his versioτt οf t}re SpieΙτnaι-
Srivastava restricted invertibility theoι,em. The estirιrates aι.e equivalent to (and sorrtetiπles better.

thall) the previously known ones.
Ftom the above it shouΙd be cΙear that Ι find the work of Pierre Yοussef particularΙy out-

standing and Ι warmly recommend that his ,.thδse de doctorat,' be approved with the highest
distinction.

SincereΙy,
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Apostolos Giannopoulos


